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Abstract 
 Fatigue life of magnesium laserbeam-welds (AZ31 and AZ61 alloys) was assessed experimentally under variable amplitude loadings. The 
specimens were subjected to load-controlled cyclic loadings. The tests were carried out using a Gauss-distributed amplitude sequence of length 
Ls = 5•104 cycles and loading ratio R=-1 under pure axial, pure torsion as well as in-phase and out-of-phase combined loadings. 
The notch stresses were obtained from a linear-elastic FE-model using the reference radius approach with rref = 0.05 mm. The stress-based 
hypotheses were applied: EESH, SIH, Findley, modified Gough-Pollard. A non-proportionality factor is introduced in order to improve 
assessment under non-proportional loadings. 
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1. Introduction 
Magnesium is a lightweight metallic material with a density, which is by a factor of 1,5 below that of aluminum. It therefore has 
a potential as a material for lightweight constructions in structures of different types. For instance in the European study 
SuperLIGHT-Car [1] its usage as s replacement for aluminum in automotive application was tested. Little is however known about 
the fatigue behavior of magnesium laserbeam welds. For the purposes of lightweight constructions thin-walled welded structures 
are especially interesting. There is little information on the fatigue behavior of the thin-walled magnesium welded joints yet 
available. In the thesis [2] the fatigue behavior of such joints was studied under uni- and multiaxial constant amplitude loadings. In 
particular, the impact of non-proportional loadings was investigated. Constant amplitude non-proportional loadings with rotating 
principal stress directions result in a reduction of fatigue life. Conventional stress-based hypotheses are mostly not capable or 
limited in their capability to assess the impact of non-proportional loadings correctly. So it is necessary to define or adapt fatigue 
life evaluation hypotheses in order to perform a fatigue life assessment under non-proportional loadings.  
In this paper the experimental results for thin-walled magnesium welded joints made of alloys AZ31 and AZ61 tested under 
variable amplitudes are presented and discussed. Also, stress-based fatigue life hypotheses are discussed. The reason to prefer the 
stress-based fatigue life hypotheses over e.g. strain or energy based concepts is their simplicity and suitability for the engineering 
practice. Also they normally require linear elastic FE models, which are less computationally intensive compared to the elastic-
plastic ones.  
Findley [3, 4] and SIH [5, 6] are classical hypotheses, the former is a critical plane-based method and the latter is an integral 
method. Both are not capable of assessing the fatigue life reduction under non-proportional loadings. Therefore a non-
proportionality factor, which provides a quantitative measure of the degree of non-proportionality, is proposed. Two further 
hypotheses, which are intrinsically capable of taking the fatigue-life reduction under non-proportional loadings into account, were 
evaluated: the EESH [7] and the modified Gough-Pollard method according to the IIW guidelines [8]. 
Local stresses were used for fatigue life assessment, these were obtained using linear elastic FE modelling. The welded joint 
was modelled according to the reference radius concept with rref = 0.05mm [9, 10, 11] for thin-walled welded structures. The 
reference radius rref = 0.05mm is chosen, since it is a standard value documented in the IIW-recommendations [8] for thin-walled 
welded structures with thickness 5dt mm. It is based on the Paris and Creager approximation as well as microstructural features 
[10]. The local stresses are maximal stress values, which occur in the fictitious notch under the loading type. 
Nomenclature 
DMA damage parameter for the modified Gough-Pollard criterion 
DPM damage sum for the Palmgren-Miner rule 
I the irregularity factor of a loading spectrum 
fNP non-proportionality factor 
Fa axial force amplitude 
k (inverse) slope of an SN-curve also the material parameter used in the Findley-criterion 
k* slope of an SN-curve below the knee-point 
k’ slope of an SN-curve below the knee point defined for the modified Palmgren-Miner rule  
Ls number of cycles in a loading spectrum used for tests with variable amplitudes 
Mta torsion moment amplitude 
Nexp fatigue life in cycles experimentally obtained in a test with constant amplitudes 
N exp fatigue life in cycles experimentally obtained in a test with variable amplitudes 
Dspectrum damage sum computed for the loading spectrum using Palmgren-Miner rule 
Dreal real damage sum experimentally obtained for the loading spectrum  
rref reference radius  
TF scatter in the loading direction  
[\T ,,  angles specifying the orientation of a plane or coordinate system 
w material parameter, sensitivity to non-proportional loadings 
2. Material, specimens and testing 
2.1. Materials, specimen geometry 
Two different self-hardening magnesium alloys (AZ31, AZ61) were tested. The chemical composition and mechanical 
properties of the tested materials in the non-welded state are contained in Tables 1 and 2 respectively. The geometry of the 
laserbeam-welded tube-tube specimen is shown in Fig. 1. 
Table 1. Chemical composition of the materials in weight % 
Material Al Zn Mn Si Fe Cu Ni Be Mg 
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AZ31 2.74 0.728 0.359 0.026 0.0029 <0.002 <0.002 0.0002 Balance 
AZ61 6.13 0.834 0.216 0.028 0.0041 0.009 <0.005 0.0002 Balance 
Table 2. Mechanical properties of the materials 
Material Yield 
strength 
Rp,0.2 
MPa 
Tensile 
strength 
Rm 
MPa 
Elongation 
e5 
% 
Area 
reduction 
 Z 
% 
Young 
modulus 
E 
GPa 
AZ31 220 275 9.2 14 44 
AZ61 162 288 15.5 25 43 
 Fig. 1. Specimen geometry. 
2.2. Testing 
Fatigue life tests, with tube-tube laserbeam-welded joints, were performed under load control using a biaxial test rig with 100 
kN axial and a 3.0 kNm torsion servo-hydraulic actuators. The testing frequency lay between 15 and 25 s-1, the load ratio was R = 
-1. The tests under constant amplitude loadings were carried out in the course of the work on the thesis [2] and are briefly presented 
in this paper. The experimental results under variable amplitude loadings are new. For both constant and variable amplitude loading 
cases, the following tests were performed: pure axial loading, pure torsion, combined axial-torsion proportional loading (phase-
shift between the axial and the torsional component ĳ = 0°), combined axial-torsional non-proportional loading (phase-shift 
between the axial and the torsional component ĳ = 90°). For the tests with variable amplitude loading, a Gauß-distributed random 
sequence with length Ls = 5•104 cycles and with the irregularity factor I = 0.99 was used. This means, that almost every cycle in 
the loading has the load ratio close to R = -1. All tests were carried out at the room temperature. For combined in-phase and out-
of-phase tests, the ratio of the torsion moment amplitude to the force amplitude was Mta/Fa = 28 Nm/kN. If the notch root is modeled 
using the fictitious radius concept with rref = 0.05 mm, this ratio results in the same value of the v. Mises stress for each single load 
component. i.e. axialpurelocalMisesvtorsionpurelocalMisesv ,,.,,. VV  . In the fictitious notch the linear elastic local stresses were obtained: 
1 kN axial force results in the stress components 61 xV MPa, 20 yV MPa and 1 Nm pure torsion results in 1.1 xyW MPa. 
 
3. Experimental results and damage sums 
Experimental results under constant amplitude loadings were obtained in the course of the doctoral thesis [2]. In this paper the 
SN- and Gaßner-lines are presented for the AZ31 alloy, because of its higher practical relevance. The experimental results for 
AZ61 are very similar. The SN-curves corresponding to the probability of survival PS = 50% are shown in Fig. 2. The scatter 
measures TV are also specified. For variable amplitude loadings, the experimental results are presented in Fig. 3. For the 
experiments under constant and variable amplitudes, the crack initiated in the weld-root between the tubes and propagated until 
break-through into the outer tube. The crack propagated mostly along the weld material except for pure torsion at high number of 
cycles. In this case fatigue cracks also propagated into the base material of the outer tube. 
Gaßner lines show higher slope values k (lower inclinations) than the SN-lines, which is consistent with theoretical 
considerations. Experiments with constant and with variable amplitude loadings show significant reduction of fatigue life under 
out-of-phase loadings compared to in-phase loadings. The reduction is observed in the whole range of cycles, for which the tests 
were carried out. For both alloys, the SN-lines as well as Gaßner-lines in in-phase case are steeper and hence fatigue life at a higher 
number of cycles is reduced to a lesser extent compared to a lower number of cycles. The damage sums are shown in the Tables 1 
and 2. 
For pure axial, pure torsion and the proportional loading cases, the real damage sums ( 1exp /   PMDreal NND ) 
are obtained using the modification of the Palmgren-Miner rule according to Haibach with 22'  kk  [12]. 'k  is the slope 
after the knee-point of the SN-line. This modification was initially proposed for crack propagation, however it was also 
successfully applied in the cases, where crack propagation is (almost) excluded, such as crack initiation or rupture in thin-walled 
welded joints. A rather unusual behavior is shown by both alloys under combined in-phase loading. The real damage sums are 
greater 1. Aluminum laserbeam-welded joints do not show behavior of this kind [13]. Real damage sums under in-phase 
combined loading, computed in [13] lie between 0.2 and 0.6, however, real damage sums greater 1 can be observed under pure 
torsion. Still the real damage sums lie within the normal limits, cf. [14] and the value of the allowable damage sums 5.0 PMD  
as proposed by IIW [8] is suitable for magnesium welded joints.  
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Fig. 2. SN-lines for the magnesium alloy AZ31. 
Fig. 3. Gaßner-lines for the magnesium alloy AZ31. 
4. Fatigue life hypotheses 
The following fatigue life hypotheses are considered in this paper and are applied to the fatigue life evaluation of 
the laserbeam-welded magnesium joints: the Findley-criterion, SIH, EESH and modified Gough-Pollard according 
to IIW-guidelines [8]. All of these hypotheses are stress-based, i.e. they take into account stress values, which are 
obtained using a linear elastic computation only. The stresses are local stresses obtained by FE-modeling of the root 
notch of the welds using the fictitious radius concept with rref = 0.05 mm [10]. The FE-modelling was carried out in 
the course of the work on the doctoral thesis [2]. In what follows a very brief introduction to the hypotheses is given. 
 
Table 3. Damage sums for the alloy AZ31. 
Loading Load level aF  or taM  sLN /exp  expexp / NN  spectrumD  realD  
Pure axial 4 kN 13.7 15.4 0.034 0.46 
Pure axial 2.5 kN 127.9 37.0 0.002 0.21 
Pure torsion 224 3.6 22.8 0.079 0.29 
Pure torsion 140 51.9 35.6 0.006 0.33 
Comb. q 0M  4 kN, 112 Nm 15.9 15.3 0.073 1.16 
Comb. q 0M  3 kN, 84 Nm 47.9 23.8 0.036 1.70 
Comb. q 90M  3 kN, 84 Nm 10.6 27.0 0.036 0.38 
Comb. q 90M  2 kN, 56 Nm 63.9 33.6 0.013 0.82 
Table 4. Damage sums for the alloy AZ61. 
Loading Load level aF  or taM  sLN /exp  expexp / NN  spectrumD  realD  
Pure axial 4 kN 15.2 23.2 0.037 0.55 
Pure axial 2.5 kN 155.4 43.7 0.004 0.66 
Pure torsion 224 Nm 12.5 19.9 0.039 0.49 
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Pure torsion 140 Nm 86.6 25.3 0.008 0.69 
Comb. q 0M  4 kN, 112 Nm 14.2 16.7 0.073 1.00 
Comb. q 0M  3 kN, 84 Nm 47.4 27.0 0.034 1.60 
Comb. q 90M  3 kN, 84 Nm 12.3 25.9 0.048 0.60 
Comb. q 90M  2 kN, 56 Nm 109.1 51.2 0.008 0.84 
4.1. Findley-Criterion 
The Findley-Criterion [3, 4] is a critical plane method, i.e. fatigue crack initiation is assumed to occur in the plane, where the 
Findley-parameter: 
maxVW kf a    (1)
attains its maximum value. In equation (1) aW  denotes the shear stress amplitude in a plane, maxV  is the maximum normal stress 
and k  is a material parameter, which can be obtained using fatigue life data e.g. for pure axial and pure  torsion loadings [4]. This 
is the original formulation by Findley and it cannot be applied to variable amplitude loadings directly, since the values aW  and 
maxV  are not clearly defined in those cases. 
4.2. Shear stress intensity hypothesis (SIH) 
SIH was introduced by Zenner [5, 6] as an extension of the work by Simbürger [15], which is capable to take mean stresses into 
account. This is an integral hypothesis involving equivalent stress amplitudes and mean values, which are linearly combined into 
a single value and so the fatigue failure condition is obtained: 
2
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with a,T\W and a,T\V  shear and normal stress amplitudes respectively in a plane, whose normal vector is defined by the angles 
\T , . As in the case of the Findley-criterion there is no obvious definition of the equivalent stress amplitudes a,T\W and a,T\V  
required to compute the integrals (3) in the case of a variable amplitude loading.  
4.3. Effective equivalent stress hypothesis (EESH) 
The EESH [7] is an integral stress-based hypothesis, which, on the one hand, extends the v. Mises hypothesis so that it is able 
to take experimental results under pure axial and pure torsion loadings into account, while, on the other hand, it contains an integral 
term, which characterizes the non-proportionality of the loading. In order to assess fatigue life under non-proportional loadings 
using EESH, it is assumed that there is a phase shift between the normal and the shear stress components, which is denoted by M
and results, for nSM 2z , in a non-proportional loading. 
The EESH is formulated as follows: 
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0
³ . The integral of the shear stress amplitude is taken over all the planes orthogonal to the surface at the 
point, where the fatigue crack is assumed to be initiated. 
The above formulation is sufficient to assess fatigue life for all experiments, which are presented in the section 3. Details to 
the fatigue assessment procedure under variable amplitude loadings using EESH can be found in [7 ,13]. 
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4.4. Modified Gough-Pollard method 
The basis for the fatigue life evaluation under combined loadings according to IIW design code [8] is the Gough-Pollard criterion 
[17]: 
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The modification of this method, used for the IIW design code, is given by the alteration of the right-hand side MAD , dependent 
on the material and on whether the loading is proportional or not. If semi-ductile material states, which usually show no difference 
in fatigue life under proportional and non-proportional loadings, are to be assessed, MAD =1.0 can be applied for both cases. If 
assessment is to be done for ductile material states, which usually show a decrease of fatigue life under non-proportional loadings 
in comparison to proportional loadings, the right-hand side must be reduced. For such cases, the IIW-recommendations suggest 
the use a conservative damage parameter 5.0 MAD . Variable amplitude loadings are assessed using equivalent stress amplitudes 
for each component. Computation is performed with the Palmgren-Miner rule modified according to Haibach ( 22'  kk ) with 
the damage sum 5.0 PMD . 
 
5. Non-proportionality factor 
A phase-shift between the loading components results in a reduction of fatigue life for ductile materials. This behavior can be 
ascribed to the fact, that due to the rotation of the plane with maximum shear stress, a larger number of slip systems is activated 
compared to the proportional loading.[4] For the magnesium welded joints discussed in this paper, this is also the case. Most stress-
based criteria cannot take this phenomenon into account. Moreover, introduction of a phase-shift between components results in 
lower stress values delivered by the hypothesis and hence to an increased estimated fatigue life. This is also true for the two 
hypotheses (Findley, SIH) discussed in this paper. EESH has an intrinsic capability to take this fatigue life reduction into account. 
Therefore, an integral measure of non-proportionality, as described in [16], is used: 
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where  xyxCor WV ,  is the correlation between the two coordinate stresses xV , xyW  in the coordinate system, whose rotation 
with respect to the reference coordinate system is defined by the angles [\T ,, . The value NPf  defined by eq. (8) is 
independent of the reference coordinate system and can be computed numerically in an efficient manner. For sine or cosine 
functions, the correlation is exactly the phase shift between them. The non-proportionality factor (8) yields 0 for a proportional 
loading. For non-proportional loadings, which were used in the experiments described in the section 3, following values were 
obtained: 
Table 3. Non-proportionality factors for evaluated non-proportional loadings 
Load NP
f  
Constant amplitudes Variable amplitudes 
Mta/Fa = 28 Nm/kN, q 90M  0.59 0.59 
The factor defined by the eq. (8) reflects the distribution of the shear stress amplitudes over different planes. It is proposed to 
adjust the shear stress amplitude involved in a particular fatigue life criterion according to: 
aNPa fw WW ))1(1(
*   (9)
The scaling factor w  is a material parameter linked to a particular fatigue life hypothesis, which can be determined 
experimentally. Experimental estimation of the parameters requires fatigue life results for a proportional loading and a non-
proportional loading, which is comparable to the proportional one. Most probably a larger amount of non-proportional loadings 
of different kinds is required in order to calibrate the parameter w  properly. No such experimental data basis is currently 
available, so 2 w  is assumed. This is the maximum influence of the non-proportional loading according to the IIW-
guidelines (modified Gough-Pollard method). 
 
6. Fatigue life evaluation results and conclusions 
Application of the stress-based hypotheses for non-proportional multi-axial loading is described in [16]. Rainflow counting in 
each direction is used to obtain the damage equivalent constant shear stress amplitude in each plane. In order to obtain the normal 
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stress amplitude in each plane, rainflow counting is used also. The shear and normal stress amplitudes in each plane are then used 
to determine the integral or critical plane values required by a particular fatigue damage hypothesis. 
Computational results for the alloy AZ31 are shown in Fig. 4. Similar results were obtained for AZ61 therefore the conclusions 
are valid for both alloys. As can be seen in the Fig. 4, the non-proportionality factor makes it possible for the “classical” hypotheses, 
to take the fatigue life reduction under non-proportional loadings into account. However, its correct calibration requires an extended 
set of experimental data. Both classical hypotheses are not able to catch the slope of the Gaßner-lines in a correct fashion. The 
modified Gough-Pollard, which for aluminum welds lead to rather conservative results [13], yields to a large extent non-
conservative results for magnesium alloys. The EESH, which is intrinsically capable to take fatigue life reduction at non-
proportional loadings, still remains on the non-conservative side in this case. Comparison of the experimental results and fatigue 
assessment results with different hypotheses shows, that further research is required in order to provide reliable and practical 
recommendations for the fatigue design of thin-walled welded magnesium structures. At the moment it can be recommended to 
use the modified Gough-Pollard method according to the IIW-guidelines if fatigue life is supposed to lie under 610 N  cycles 
and Findley or SIH with the non-proportionality factor in order to obtain conservative results for 610!N . 
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